A low complexity pilot allocation scheme is proposed for a large OFDM block with null subcarriers. The proposed scheme allocates pilots to the edge part of the active subcarrier region according to the 2nd order polynomial and to the middle part of the active subcarrier region according to the 1st order polynomial or the comb-type pilot pattern. To find a parameter of the 2nd order polynomial, the proposed scheme applies exhaustive search of a single parameter by using an integer unit resolution. It is shown by simulation that the proposed scheme is a close-to-optimal pilot allocation scheme yielding better symbol error rate (SER) performance than the traditional 3rd and 5th order polynomial-based schemes although the proposed scheme has lower computation and implementation complexity.
Introduction
Orthogonal frequency division multiplexing (OFDM) is an attractive transmission technique for broadband communications. Since OFDM is appropriate for high spectral efficiency and scalable to low complexity receivers, it is well suited for the 5G cellular network [1] . It has been well known that the comb-type pilot pattern with equal pilot spacing leads to minimum mean square error (MSE) of the leastsquare-(LS-) based channel estimation [2] . The comb-type pilot pattern was applied to OFDM systems with multiple antennas [3] . However, the OFDM block usually includes null subcarriers for the purpose of guard band [4, 5] . Given null subcarriers, the channel estimation with the comb-type pilot pattern incurs severe channel estimation error at the edge part of the active subcarrier region [6, 7] . Recently, the international telecommunications union announced the minimum requirements related to technical performance for IMT-2020 radio interfaces, which indicated that a very large bandwidth up to 1 GHz will be used for future mobile communications [8] . Given a large OFDM block with null subcarriers, allocating pilots to the OFDM block becomes a more crucial issue. The minimum mean square error-(MMSE-) based channel estimation may suppress the channel estimation error at the edge part of the active subcarrier region effectively. However, the static pilot locations cannot be optimized by minimizing the MSE of the MMSE-based channel estimation because the MSE of the MMSE-based channel estimation is dependent on time-varying channel and noise statistics [4, 9] . Therefore, static pilot locations are usually optimized with respect to the LS-based channel estimation. In order to minimize the MSE of the LS-based channel estimation, the 3rd order polynomial-based pilot allocation was suggested in [10] , which applied exhaustive search of a single parameter by using a fractional unit resolution. While the 3rd order polynomial-based pilot allocation showed good channel estimation performance for an OFDM block size 512, it incurred considerable performance degradation for an OFDM block size 1024. In [11] , the optimal pilot powers were numerically computed by minimizing ∞ norm of the channel estimate error, and the optimal pilot locations were iteratively found by symmetrically removing a certain number of insignificant pilot candidates. However, its algorithm was not optimal because it was heuristically chosen and it caused high complexity due to iteration. In [12] , the 5th order polynomial-based pilot allocation was suggested. Differently 2 Wireless Communications and Mobile Computing from the 3rd order polynomial-based pilot allocation, the 5th order polynomial-based pilot allocation performed well with both the OFDM block sizes, 512 and 1024. In [13] , the 5th order polynomial-based pilot allocation was also applied to MIMO-OFDM systems. However, the 5th order polynomial-based pilot allocation requires more complicated implementation than the 3rd order polynomial-based pilot allocation because the 5th order polynomial-based pilot allocation applies exhaustive search of two parameters by using two fractional unit resolutions. Moreover, according to our simulation results, the performance of the 5th order polynomial-based pilot allocation tends to be degraded as the OFDM block size increases further than 1024. It is because a single polynomial function cannot determine the optimal pilot locations precisely for a large OFDM block.
In this paper, a low complexity pilot allocation scheme is proposed for a large OFDM block with null subcarriers. The proposed scheme allocates pilots to the edge part of the active subcarrier region according to the 2nd order polynomial and to the middle part of the active subcarrier region according to the 1st order polynomial or the comb-type pilot pattern. To find a parameter of the 2nd order polynomial, the proposed scheme applies exhaustive search of a single parameter by using an integer unit resolution. It is shown by simulation that the proposed scheme is a close-to-optimal pilot allocation scheme yielding better symbol error rate (SER) performance than the traditional 3rd and 5th order polynomial-based schemes for all the OFDM block sizes although it has lower computation and implementation complexity.
System Model
An OFDM system with an OFDM block size is considered, where the set of the subcarrier indices is given by {0, 1, . . . , − 1}. Let n and a define the number of null subcarriers and that of active subcarriers in the OFDM block, respectively. The a active subcarriers are divided into p pilot subcarriers and d data subcarriers. Let S p = { 0 , 1 , . . . , 푁 p −1 } and S d = { 0 , 1 , . . . , 푁 d −1 } define the index set of p pilot subcarriers and that of d data subcarriers, respectively. It is assumed that the channel impulse response is composed of multipaths as
where (⋅) 푇 denotes the transpose operator. The channel frequency response coefficient vectors for the pilot and data subcarriers can be written as
where
푘,푙 denotes the element of a matrix D in the th row and the th column. To apply the LS-based channel estimation, the number of the pilots p should be greater than or equal to the channel length . For the purpose of achieving maximum frequency efficiency, it is assumed that p = . Let X d and X p define the transmitted data symbol vector and the pilot symbol vector, respectively. In addition, let diag{X} define a diagonal matrix with its diagonal components given by the components of X when X is a column vector and let diag{X} define a column vector with its components given by the diagonal components of X when X is a diagonal matrix. Then, the received signal vector over the pilot subcarriers can be written as 
The channel frequency response coefficient vector for the data subcarriers is estimated by using the LS method [14] aŝ
where (⋅) 퐻 denotes the transpose complex conjugate operator.
Note that as p increases, the matrix D 퐻 p D p as shown in (6) becomes ill-conditioned to be a nearly singular matrix. In such a case, the inverse of the matrix D 퐻 p D p can be computed by using the Moore-Penrose inverse [15] . The Moore-Penrose inverse computes a best fit solution to a system of linear equations that lacks a unique solution. A simple way of describing the Moore-Penrose inverse is the singular value decomposition. Let A = UΣV 퐻 define the singular value decomposition of a square matrix A, where U and V are two unitary matrices and Σ is a diagonal matrix. The Moore-Penrose inverse of A is given by UΣ † V 퐻 , where the diagonal matrix Σ † is obtained by changing the diagonal components of Σ smaller than some small tolerance to zeros and taking the reciprocal numbers of the other diagonal components. From (2) and (5), the channel impulse response can be estimated bŷ
Then, the channel frequency response coefficient vector for the data subcarriers is estimated bŷ
If the components of X 푝 have uniform pilot powers, the MSE vector of the LS-based channel estimation for the data subcarriers can be written as
The averaged MSE over all the d data subcarriers can be written as
where tr{⋅} denotes the trace operator. Since optimizing the pilot locations through minimization is not affected by the value of 2 , the scaled MSE given by
can be used for finding the optimal pilot locations. The (11) are p × p dimensional square matrices, whose diagonal components are given by 1's. By applying the singular value decomposition, those quantities can be written as
where U p and U d denote unitary matrices and Λ p and Λ d denote diagonal matrices. By defining V = U 퐻 d U p with k 푘 being its th column and
where 푘 is the th diagonal component of Λ 푝 . Since 푘 is formed by a weighted sum of the eigenvalues of
, it is more critical to prevent a very small eigenvalue of
in order to reduce the scaled MSE. Due to the existence of the null subcarrier region, the comb-type pilot pattern is prone to induce a small minimum eigenvalue of (1/ p )D 퐻 p D p and incur a large MSE result. Therefore, if the OFDM block includes the null subcarrier region, pilots should be allocated to the active subcarrier region in efforts to maximize the minimum eigenvalue of Figure 1 shows the structure of the OFDM block that consists of the null subcarrier region and the active subcarrier region. The active subcarrier region is divided into a middle part and two edge parts. The edge part represents a boundary part of the active subcarrier region, which incurs comparatively large MSEs when pilots are allocated to the active subcarrier region according to the comb-type pilot pattern. To effectively suppress the MSEs at both the edge and middle parts, the numbers of the pilots allocated to the edge and middle parts should be well balanced. In particular, since the detrimental impact of the null subcarrier region on the pilot-based channel estimation dissipates as the subcarrier distance from the null subcarrier region increases, a gradually changing pilot density should be applied to the edge part and a uniform pilot density should be applied to the middle part for better performance. Therefore, we propose to apply two separate polynomials to the edge and middle parts. Let e and ep define the number of the one-sided edge part subcarriers and that of pilots allocated to the one-sided edge part, respectively. In the proposed scheme, ep pilots are allocated to the edge part according to the 2nd order polynomial and p − 2 ep pilots are allocated to the middle part according to the 1st order polynomial. Therefore, the subcarrier indices of the first p /2 pilots are chosen by
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where denotes the pilot index, 푘 denotes the subcarrier index of the th pilot, and ⌊⋅⌋ denotes the floor operator. From Figure 1 , it is easy to infer the following five conditions for the 1st and 2nd order polynomials:
From (15) and (16), the coefficients of the 1st order polynomial, and , can be found as
From (17)- (21), the coefficients of the 2nd order polynomial, 1 , 2 , and 3 , can be found as The subcarrier indices for the remaining p /2 pilots with pilot indices, = p /2, p /2 + 1, . . . , p − 1, can be found by using the symmetry of pilot allocation with respect to the center of the OFDM block as
To determine the subcarrier indices of pilots based on (14) and (25), two parameters e and ep , which can effectively suppress the averaged MSE, should be known in advance.
In the proposed scheme, ep is determined by referring to the number of the pilots that would be allocated to the onesided edge part and the one-sided null subcarrier region if the p pilots were uniformly allocated to the entire OFDM block. Intuitively, this idea means that the pilots, which would belong to the null subcarrier region if the comb-type pilot pattern were applied to the entire OFDM block, are added to the edge part. This idea can be formulated as
The left-hand side of (26) means the pilot density when p pilots are uniformly allocated to the entire OFDM block, and the right-hand side of (26) means the pilot density when ep pilots are uniformly allocated to the one-sided edge part and the one-sided null subcarrier region. Given the value of e , the value of ep can be computed based on (26) as
To compute ep based on (27), e should be known in advance. In the proposed scheme, the optimal value of e is found by applying exhaustive search through / 2 minimization. The set of the candidate values for e is chosen by {2, 3, . . . , n }. The 3rd order polynomial-based pilot allocation in [10] applied exhaustive search of a parameter by using a fractional unit resolution, and the 5th order polynomialbased pilot allocation in [12] applied exhaustive search of two parameters by using two fractional unit resolutions. The proposed scheme has lower optimization complexity than both the 3rd and 5th order polynomial-based pilot allocation schemes because the proposed scheme applies exhaustive search of a single parameter (i.e., e ) by using an integer unit resolution.
Numerical Results
In this section, the proposed pilot allocation scheme is compared to three traditional pilot allocation schemes for an OFDM block with null subcarriers. For notational convenience, the proposed scheme and the three traditional pilot allocation schemes are denoted as follows:
(i) PROPOSED represents the proposed pilot allocation scheme explained in the previous section.
(ii) POLY-5TH represents a pilot allocation scheme based on the 5th polynomial-based pilot allocation in [12] .
(iii) POLY-3RD represents a pilot allocation scheme based on the 3rd polynomial-based pilot allocation in [10] .
(iv) COMB represents a pilot allocation scheme based on the comb-type pilot pattern with equal pilot spacing.
In addition, for reference purposes only, the proposed pilot allocation scheme is compared to the following scheme:
(v) NO-NULLSUBC represents a comb-type pilot allocation scheme in the case of = p assuming that the OFDM block includes no null subcarrier. If the pilot number is̃p, the pilot spacing and the data The components of the channel h are generated as circularly symmetric complex Gaussian variables with zero mean and unitary variance. The pilot power allocation method derived in [12] is applied to all the pilot allocation schemes. The transmitted symbols are selected from the QPSK constellation with unitary symbol power. Figure 2 presents pilot allocation results from the four pilot allocation schemes when = 1024, a = 942, and p = 64. All the pilot allocation schemes reduce the pilot power at the edge part of the active subcarrier region as the pilot subcarrier approaches the null subcarrier region. POLY-5TH, POLY-3RD, and PROPOSED allocate pilots to the edge part with a gradually changing pilot density. COMB allocates pilots to the active subcarrier region by using equal pilot spacing and nonuniform power distribution. PROPOSED allocates pilots to the middle part with equal pilot spacing and uniform pilot power distribution. (10) becomes ill-conditioned to be a nearly singular matrix. However, since PRO-POSED allocates pilots to the edge and middle part effectively, PROPOSED has substantially smaller MSE peaks than other pilot allocation schemes. Figure 4 shows the impact of on the averaged MSEs (i.e., in (10)) when a = ⌊0.92 ⌋, p = /16, and SNR = 20 dB. It can be seen that COMB performs worse than the other pilot allocation schemes. POLY-3RD and POLY-5TH tend to have performance degradation as the value of increases. It implies that using a single polynomial is inappropriate to find the optimal pilot locations for a large OFDM block. However, PROPOSED yields good MSE results comparable to those of NO-NULLSUBC for all the OFDM block sizes because PROPOSED uses two separate polynomials and allocates pilots to the edge and middle parts of the active subcarrier region effectively. Figures 5 and 6 show the impact of p / on the averaged MSEs when a = ⌊0.92 ⌋ and SNR = 20 dB in four cases of = 512, = 1024, = 2048, and = 4096. While PROPOSED yields good MSE results comparable to those of NO-NULLSUBC for all p / values, POLY-3RD, POLY-5TH, and COMB tend to have performance degradation by increasing the p / value. The reason for the performance degradation of POLY-3RD, POLY-5TH, and COMB is that with more of inappropriately located pilots, the matrix D 퐻 p D p in (11) becomes ill-conditioned to be a nearly singular matrix. It implies that using a single polynomial is inappropriate to find the optimal pilot locations for a large OFDM block. Figures 7 and 8 show the impact of a / on the averaged MSEs when p = /16 and SNR = 20 dB in four cases of = 512, = 1024, = 2048, and = 4096. While PRO-POSED yields good MSE results comparable to those of NO-NULLSUBC for all the a / values, POLY-3RD and POLY-5TH tend to have performance degradation as the a / value increases. Since the length of the edge part decreases with a larger value of a / , it becomes more difficult for a single polynomial to allocate pilots to the narrower edge part according to a high and gradually changing pilot density and to the wider middle part according to a uniform pilot density. However, PROPOSED can allocate pilots effectively to the edge and middle parts because PROPOSED uses two separate polynomials. For most of the a / values, COMB performs worse than the other schemes. Given a value of a / close to 1, the MSE results of POLY-3RD, POLY-5TH, and COMB become compatible with those of PROPOSED because a very small null subcarrier region has little impact on the pilot-based channel estimation and the optimal pilot allocation reduces to the comb-type pilot pattern. Figure 9 presents the values of 푘 / 푘 in (13) p D p have a larger minimum eigenvalue than POLY-5TH, POLY-3RD, and COMB. Since PROPOSED attains good 푘 / 푘 results which are comparable to those of NO-NULLSUBC, it is expected that using a larger number of polynomials or higher order polynomials for pilot allocation will increase optimization and implementation complexity without attaining significant performance gain over PROPOSED. Figure 10 presents the SERs in terms of SNR in two cases of (a) = 512, a = 470, and p = 32 and (b) = 1024, a = 942, and p = 64. In Figure 10(a) , it can be seen that with an OFDM block size 512, POLY-5TH, POLY-3RD, and PROPOSED perform almost equally while COMB performs worse than the other schemes. By comparing Figure 10 (a) and 10(b), it can be seen that as the OFDM block size increases from 512 to 1024, the performance of POLY-3RD deteriorates. However, PROPOSED yields good SER results comparable to those of NO-NULLSUBC. Figure 11 presents the SERs in terms of SNR in two cases of (a) = 2048, a = 1884, and p = 128 and (b) = 4096, a = 3768, and p = 256. By comparing the results in Figure 11 with those in Figure 10 , it can be seen that, with a larger OFDM block, the SERs of POLY-3RD and POLY-5TH are degraded. It is because, given a larger OFDM block, it is difficult for a single polynomial to realize a changing pilot density for both the edge and middle parts effectively. However, PROPOSED yields good SER results comparable to those of NO-NULLSUBC because PROPOSED uses two polynomials.
Conclusion
Since the proposed scheme used two separate polynomials, it could allocate pilots to the edge and middle parts of the active subcarrier region effectively. It was shown by simulation that the proposed scheme attained close-to-optimal channel estimation performance and outperformed the traditional 3rd and 5th order polynomial-based pilot allocation schemes for all the OFDM block sizes although the proposed scheme had lower computation and implementation complexity. 
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